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• Topological order and fractionalization

• 1/2 QV’s 

• Stability of 1/2-QV’s in SrRuO

• 1/2 QV lattices

In search of topological states  
with half quantum vortices
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Ground state degeneracy

Topological order Conventional order 

Symmetry of the 
underlying Hamiltonian.

No local order parameter.
Local measurements

order parameter
Topological degeneracy Ng.

Topological invariance
emergent symmetry 

reduced symmetry 
Gapped spectrum



Sweet Topology



Sweet Topology



Sweet Topology



Ng & fractionalization

Fractional charge e*=e/q

Ng=qg e.g., N1=3

Wen and Niu, PRB, 1990

Oshikawa et al, Ann.Phys, 2007Stone and Chung, PRB, 2006

Hansson, Oganesyan, Sondhi 
Ann.Phys, 2004



Ng & fractionalization

Fractional charge e*=e/q

Ng=qg e.g., N1=3

2n Non-abelian vortices 

Wen and Niu, PRB, 1990

Oshikawa et al, Ann.Phys, 2007Stone and Chung, PRB, 2006

Hansson, Oganesyan, Sondhi 
Ann.Phys, 2004



Ng & fractionalization

Fractional charge e*=e/q

Ng=qg e.g., N1=3

2n Non-abelian vortices 

Wen and Niu, PRB, 1990

Oshikawa et al, Ann.Phys, 2007Stone and Chung, PRB, 2006

Hansson, Oganesyan, Sondhi 
Ann.Phys, 2004



Ng & fractionalization

Fractional charge e*=e/q

Ng=qg e.g., N1=3

2n Non-abelian vortices 

N2n=2n-1 for MR state or p+ip SF

Wen and Niu, PRB, 1990

Oshikawa et al, Ann.Phys, 2007Stone and Chung, PRB, 2006

Hansson, Oganesyan, Sondhi 
Ann.Phys, 2004



Ng & fractionalization

Fractional charge e*=e/q

Ng=qg e.g., N1=3

2n Non-abelian vortices 

N2n=2n-1 for MR state or p+ip SF

Wen and Niu, PRB, 1990

Oshikawa et al, Ann.Phys, 2007Stone and Chung, PRB, 2006

Hansson, Oganesyan, Sondhi 
Ann.Phys, 2004

γ
γ

γ
γ



Abelian statistics



n- abelian vortex states 

Abelian statistics



n- abelian vortex states 

Abelian statistics

Ψ(x1, · · · , xn) = c−number
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Abelian statistics

exchange of qp’s: 
phase multiplication   
to a complex number

Ψ(x1, · · · , xn) = c−number

Ψ(x1 ↔ x3) = eiθΨ
Ψ(x1 ↔ x2) = eiθΨ
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Nonabelian statistics

exchange of qp’s: 
rotation in d(n) dim             
Hilbert space

Ψ(x1, · · · , xn) =




ψ1
...

ψd(n)
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In search of topological states  
with fractionalized excitations.
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 p+ip SC 

dL

T-breaking (ABM)

where    is a real unit vectord̂

ˆ∆(k) = ∆0(T )(px ± ipy)
�
−dx + idy dz

dz dx + idy

�

 dz=0 i.e., d = (cosα , sinα, 0)  
In plane d̂

ˆ∆(k) = ∆0(T )(px ± ipy)
�
−e−iα 0

0 eiα

�
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1/2 QV with in-plane
The gap matrix

1/2 QV when d = (cosα , sinα, 0)  

hc/2e vortex hc/4e vortices
∆φ=π

∆α = ±π
∆φ=2π

 2π winding for only one spin component
 π winding of order parameter phase φ
+ π rotation of d vector

d̂

ˆ∆(k) = ∆0(T )(px ± ipy)
�
−e−iα 0

0 eiα

�
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Zero modes are Majorana

 Why? Exotic nature of 1/2 QV in p+ip

Vortices of p+ip SF     zero modes at the core
Kopnin and Salomaa PRB (1991)

γ†
i = uψ†

i + vψi‣ BdG qp’s                      ,     γ†
i (En) = γi(−En)

Majorana + vortex composite
      non-Abelian statistics

1/2 QV’s: single Majorana zero mode

Das Sarma, Tewari, Nayak (06) Stone & Chung(06) Ivanov(01)

‣ zero mode: γ†
i (0) = γi(0)
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5/2 state described as p+ip paired 
stated of composite fermion

HQV is equivalent to 1/4 qp

Pfaffian is real space many body BCS 
wave function of p+ip SF

Schriffer, p 48

Read & Green (00)Moore & Read (91)
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K. Ishida et al, Nature (1998)

Spin-triplet superconductivity in Sr2RuO4 
identified by 17O Knight shift 



Experiments?
NMR on 3He-A thin films: X  Hakonen et al. Physica (89)

Small angle neutron scattering: X Riseman et al. Nature (98)

Scanning SQUID imaging: X 
              Dolocan et al, PRL (05), Bjorsson et al, PRB (05)

NMR in the presence of H ⊥ ab
‣ d // ab: for H⊥ ⪞ 200 G , Murakawa et al, PRL (04)
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Competition between screened magnetic repulsion 
and unscreened spin attraction

stability of 1/2 QV

Finite equilibrium size 
for small ρsp/ρs

Leggett RMP 75



Sample of size ~ λ a few micron

Mesoscopic sample

L = 2λ

Underway in Budakian lab

Sample of size ~ λ a few micron
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1/2 QV Lattice?
Natural way to stabilize 1/2 QV

Good track record for full QV lattice
Agterberg, PRB (98)  predicted square lattice
T. Riseman at el , Nature (98) confirmed square lattice

Potential of tuning 

Knowledge exist for          as a function of Fermi liquid 
parameters
p-wave Feshbach resonance

ρsp/ρs

ρsp/ρs



1/2 QV Lattice?
SC (SF) with additional U(1) symmetry due to    
rotation

d̂

Interlacing lattices of two types of vortices

Similar case arise in spinor condensate

Different geometry depending on density and LL mixing

VOLUME 88, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S 6 MAY 2002

The Jacobi theta function has the quasiperiodic properties

u!z 1 1, t" ! u!z , t" , (19)

u!z 1 t, t" ! 2e2ip!t12z "u!z , t" , (20)

which implies the periodic property g!r" ! g!r 1 R".
The Fourier coefficients of g!r" are

gK ! !21"m11m21m1m2e2yc jKj2#8p
p

yc#2 , (21)

where K ! m1K1 1 m2K2, and Ki are the basis vec-
tor of the reciprocal lattice, K1 ! !2p#yc"B2 3 ẑ, K2 !
!2p#yc"ẑ 3 B1, and

ycK2 ! !2p"2y21$!ym1"2 1 !m2 2 um1"2% . (22)

Since we work in the limit of large vortex number, the
size of the cloud is much larger than the unit cell, i.e.,
ps2#yc ¿ 1. We can therefore ignore all K 1 K0 fi 0
terms in Eqs. (12) and (13), since s2K2 . ps2#yc. We
then have

I !
X

K

Ç

gK

g0

Ç2

, I12 !
X

K

Ç

gK

g0

Ç2

cosK ? r0 , (23)

where gK is given by Eq. (21) and the K sum is over
the integers m1, m2. Since the expressions of I and I12 in
Eq. (23) are independent of s2, the minimization of K in
Eq. (14) with respect to s2 and ni becomes very simple.
The optimum s2, n ! !n1, n2", and K are given by

s2 ! d2$m!z" 2 h̄v!%#$3h̄!v! 2 V"% , (24)

n!z" ! !2#3" !s2#d2" $m!z" 2 h̄v!%G21 ? 1 , (25)

K ! 2!1#3" $m!z" 2 h̄v!%1 ? n!z" , (26)

G !

√

g1I g12I12
g12I12 g2I

!

, 1 !

√

1
1

!

. (27)

It is clear from Eqs. (24) through (27) that the solution
for the case where g1 2 g2 ø jg1 1 g2j is very close to
that of g1 ! g2. The lattice shape (parametrized by r0, u,
and y) enters the grand potential only through the factor
1 ? G21 ? 1. When g1 ! g2 this term is inversely propor-
tional to J ! I 1 aI12, and the most favorable lattice is
the one that minimizes J.

Summary of results.— It is interesting to compare the
two-component case with the single-component case. In
the latter system, energy minimization reduces to mini-
mizing I. The only local minimum is the triangular lattice,
where I ! 1.1596; the square lattice is a saddle point with
I ! 1.1803. The minute difference between these values
of I makes a simple numerical minimization of (1) chal-
lenging and illustrates the utility of the analytic scheme
used here.

For a two-component Bose gas, the most favorable lat-
tice minimizes I 1 aI12. In the minimization it is conve-
nient to measure lengths in units of the basis vector B1 !
b1x̂, and write complex representation of B2 and r0 as t !
u 1 iy ! jtjeih and r0 & a 1 bt, respectively. The
phase diagram of the vortex lattice as a function of the ratio
a ! g12#g is shown in Figs. 1 and 2. The major features

FIG. 1. Phases of the two-component lattice: black and grey
dots represent vortices of each of the two fluids. The panels
(a) through (e) show the vortex structure in each of the phases
described in the text. The final panel depicts the geometry of the
lattices; the black and grey dots, respectively, occupy positions
in the complex plane 'm 1 nt( and '!a 1 m" 1 !b 1 n"t(,
where m, n are integers. All minimal-energy configurations have
a ! b.

are (a) a , 0: In this region the vortices of the two com-
ponents coincide with each other !a ! b ! 0" to form a
triangular lattice !t ! eip#3". (b) 0 , a , 0.172: The
vortex lattice in each component remains triangular. How-
ever, r0 undergoes a first order change so that one lattice
is displaced to the center of the triangle of the other !a !
b ! 1#3". The lattice type (characterized by t ! eip#3)

FIG. 2. The parameters of the vortex lattice as a function of
a ! g12#pg1g2, a measure of the importance of interactions
between unlike atoms. The phases, labeled (a) through (e) are
illustrated in Fig. 1 along with the parameters t ! jtjeih and
a. Solid and dashed vertical lines, respectively, denote first and
second order phase transitions. The open circle on the horizontal
axis indicates a ! 1.

180403-3 180403-3

Muller & Ho(02)

Barnett, Mukergee & Moore(08)
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Stiffness engineering?
p-wave Feshbach resonance can allow for tuning for 
Fermi liquid parameters 

The Fermi liquid parameters of a system of spinless fermions near a p-wave Feshbach
resonance

The following set of notes derives the Fermi liquid parameters of a system of spinless fermions near a p-wave Feshbach

resonance. The derivation closely follows the calculation of Gurarie et. al [1] and Gurarie and Radzihovsky [2],

especially section 5.2.1 in the latter. I have derived the scattering amplitude for pairing, filling in some of the details

they left out and then used the same procedure to calculate the forward scattering amplitudes and Fermi liquid

parameters.

Following Gurarie et. al [1], we begin with the following Hamiltonian describing a system of fermions near a

Feshbach resonance,

H =

�

p

�(p)a
†
pap +

�

p,α

�
�α +

�(p)

2

�
b
†
pαbpα +

1√
V

�

p,q,α

gppα

�
bqαa

†
p+ q

2
a
†
−p+ q

2
+ h.c.

�
. (1)

a
†
p creates a fermion of momentum p. �(p) =

p2

2m , where m is the mass of the fermion. b
†
pα creates a bosonic molecule

(made up of two fermions) with momentum p. The molecule is in an l = 1 rotational state about its center of mass

and α labels the direction of its angular momentum (spin) polarization. α = x, y or z. �α is the rest energy of the

molecule in spin state α and
�(p)
2 is its kinetic energy. The factor of 2 in the kinetic energy comes from the fact that

the mass of the molecule is 2m. gp is the coupling between the fermions and the bosonic molecules. We will assume

that gp only depends on |p|.
We are interested in calculating the scattering amplitudes for different processes. These are proportional to the T

matrix. In order to calculate the T matrix, we adopt the diagrammatic convention outlined if Fig. 1. At tree level,

the T matrix is given by the diagram in Fig. 2. At one loop, the relevant diagram is the one in Fig. 3. We can keep

going in this fashion as in the Random Phase Approximation and calculate an infinite series of diagrams as shown in

Fig. 4.

Let us now define the polarization propagator

Π(p,q, �) = − 1

2πi

�
dω G

0
�
−p +

q
2

, �− ω
�

G
0
�
p +

q
2

,ω
�

. (2)

This is the quantity we obtain by integrating the fermion bubble shown in Fig. 5 only over the frequency ω. We

do not integrate over the momentum p just yet because the interaction vertex as shown in Fig. 1 has a momentum

dependence and will have to be integrated as well later. The −1 factor in Eqn. 2 comes from the fermion loop.

Substituting the values of G
0

from Fig. 1, we obtain

Π(p,q, �) = − 1

2πi

�
dω

1�
ω − (p+ q

2 )
2

2m + iδ

� 1�
�− ω − (−p+ q

2 )
2

2m + iδ

� . (3)

To evaluate this integral we can pick the contour shown in Fig. 6, where the two dots represents the two poles of the

integrand. We close the contour in the upper half plane enclosing only the upper pole. The integral is zero on the

semicircle as its radius R→∞ since it goes as 1/R. Thus, the integral in Eqn. 3 is equal to 2πi times the residue at

the upper pole. We obtain

Π(p,q, �) =
1

�− p2

m −
q2

4m + iδ
. (4)

Let us now use the above expression to calculate the scattering matrix T
k1k

�
1

kk� as shown in Fig. 4. The infinite

series of diagrams is equal to the expression given below.

T
k1k

�
1

kk� = 2gκgκ1

�

α

καDακ1α + 2gκgκ1

1

V

�

p,β,α

καDαg
2
ppα2Π(p,k + k�, �)pβDβκ1β

+2gκgκ1

1

V 2

�

p,p�,β,β�,α

καDαg
2
ppα2Π(p,k + k�, �)pβDβg

2
p�p

�
β2Π(p�

,k + k�, �)p�β�Dβ�κ1β� + . . . , (5)

Gurarie, L. Radzihovsky, & A. V. Andreev (05)

Hope to arrive at a PD where          can be tuned 
as a function of microscopic parameter

ρsp/ρs
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1/2 QV’s are not stable in bulk systems

Mesoscopic samples could favor 1/2 QV’s 

1/2 QV Vortex Lattice can be pursued and detected

In search of topological states  with 
half quantum vortices


